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1. INTRODUCTION

Let X be a compact Hausdorff space and Y a normed linear space with
norm 11·11. Let C(X, Y) denote the set of all continuous functions from X
to Y. Suppose that functions F I , ... , FI in C(X, Y) are given. We want to
approximate these functions simultaneously by functions in S, an
n-dimensional subspace of C(X, Y), in the sense of Chebyshev. That is, the
problem is to find a function j E S which minimizes

max max IIFj(x) - j(x)11
lo<;jo<;l XEX

(1)

over the set S. If such a function j* in S exists, we call it a best
simultaneous approximation for FI , ..., Fl' The purpose of this note is to
derive a necessary and sufficient condition for a function to be a best
simultaneous approximation.

To this end, first remark that

1~~~1 IIFj(x)- j(x)11 =~Ea; ttl ajFj(x)-j(X)II, (2)

where the set A is defined by

A = {a= (ai' ..., a/) Ijtl aj = 1, aj ~O (1 ~j~l)}.

This follows from the expression

I I

L ajFj(x)- j(x) = L aj(Fj(x)- j(x))
j~l j~l
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and the inequalities

max II Yj II ~ max II ±!Xj Yj II
1 ';;j,;;t aeA j~ 1

t

~max L !Xj Ilyjll ~ max IIYjll,
aeA ;~ 1 1 ';;j,;;t

where Yl' ... , Yt are arbitrary elements of the normed linear space. Then (1)
can be expressed as

max max II ±!XjFj(x) - f(X)II·
aeA xeX j~ 1

Furthermore, if we regard the set A as the set of I-dimensional row vectors,
and denote by F(x) the column vector (F1(x), ..., Ft(x))I, L)= 1 !XjFj(x) can
be denoted by the inner product aF(x) of two vectors a and F(x). Thus the
problem takes on the expression

minimize max II aF(x) - f( x) II over the set S. (3 )
(a,x)eAxX

Note that the set A x X is compact.

2. BEST SIMULTANEOUS ApPROXIMATION

For f E qx, Y), we define the uniform norm off by

Illflll = max Ilf(x)ll,
xeX

and endow the linear space qx, Y) with the uniform topology. It is easily
checked that IlaF(x) - f(x)11 is a jointly continuous function of the three
variables a, x, f and convex in f, that is,

IlaF(x) - (Of + (1 - 0) g)(x)11

~ 0 lIaF(x) - f(x)11 + (1 - 0) IlaF(x) - g(x)1I

for allf, g E Sand 0, 0 ~ 0~ 1. We state the main result, which is an analog
of Theorem 4.1 of [1] and also a generalization of it.

THEOREM. A function f* E S is a best simultaneous approximation if
and only if there exist At, ..., At > 0, L~~ 1 At = 1, k distinct elements
xt, ..., xt E X, and k vectors at, ..., at E A, where 1~ k ~ n + 1, such that
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(i) Ila1F(x!) - f*(x1)11 = max IIFj (x1) - f*(x!)11
l,;;;j,;;;1
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= max IllFj - f*lll,
l,,;,j,,;,1

i= 1, ..., k;

k k

(ii) L Ai* IlatF(xn - f(xnll ~ L Ai* IlatF(xn - f*(xnll
i~1 i~l

for all f E S.

Proof By the preceding remarks concerning the function IlaF(x) - f(x)ll,
we can apply Corollary 3.3 of [1] to problem (3). The rest of the proof
is similar to that of Theorem 4.1 of [1]. The only difference is in the
additional existence of k vectors at, ...,at E A and, in accordance with
it, relation (2) is used in the derivation of the necessary condition (in
particular, condition (i)).

Assume that the set X contains more than n points and S is an
n-dimensional Haar subspace of C(X, Y) (see [1]). Then we conclude that
k = n + 1, unless F1 = ... = F1 E S. It can be shown by the method
employed in the proof of Theorem 5.1 of [1].
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